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Power spectrum of flow fluctuations in relativistic heavy-ion collisions
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We carry out hydrodynamical simulation of the evolution of fluid in relativistic heavy-ion collisions
with random initial fluctuations. The time evolution of power spectrum of momentum anisotropies
shows very strong correspondence with the physics of cosmic microwave anisotropies as was earlier
predicted by us. In particular our results demonstrate suppression of superhorizon fluctuations and
the correspondence between the location of the first peak in the power spectrum of momentum
anisotropies and the length scale of fluctuations and expected freezeout time scale (more precisely,
the sound horizon size at freezeout).
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It has been recognized for some time now that there
are deep interconnections between the evolution of flow
anisotropies in relativistic heavy-ion collision experi-
ments (RHICE) and the physics of inflationary density
fluctuations observed as cosmic microwave background
radiation (CMBR) anisotropies. Analogies between the
last scattering surface for CMBR and the freezeout sur-
face in RHICE were always mentioned, however these
remained at a motivational level. A rigorous correspon-
dence in the physics of the two systems was first made
by us in ref.[1] where it was pointed out for the first
time that instead of focusing on first few flow coefficients
(which, until that time, were primarily only even flow
coefficients v2, v4, v6) one should plot the entire power
spectrum of all flow coefficients including the odd coeffi-
cients. The reason for departure from conventional focus
on only first few even flow coefficients was the recognition
that initial state fluctuations contribute to development
of all flow coefficients (including the odd ones) even for
central collisions. Many subsequent investigations con-
firmed this expectation [2, 3] and indeed now one rou-
tinely measures odd coefficients (e.g. the triangular flow
coefficient v3) and there have also been several investiga-
tions of power spectrum of flow coefficients upto a large
value of n of about 10-12.
In this work we present results of hydrodynamic sim-
ulations of the evolution of flow fluctuations and focus
on the physics of various features of the power spectrum
keeping in mind the very rich possibilities of correspon-
dence with the power spectrum of CMBR anisotropies.
Some of the most important features of CMBR power
spectrum are the presence of acoustic peaks, the rela-
tion between the location of the first peak and the hori-
zon size at last scattering surface, and the suppression
of power in superhorizon modes. These are intimately
connected to the fact the density fluctuations of the uni-
verse originate during an early phase of inflation where
causally generated fluctuations are stretched to super-
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horizon scales. We study these aspects in RHICE us-
ing hydrodynamic simulations. We study the evolution
of power spectrum of momentum anisotropies vn (root
mean square values vrmsn of vns) and contrast it with the
power spectrum of initial spatial anisotropies Fn (root
mean square values F rmsn of Fns). We find that for large
values of n, the two power spectrum correlate reasonably
well. However for n smaller than a specific value (about
3-4 for the cases studied by us) there are significant dif-
ferences. While plot of F rmsn keeps monotonically rising
with decreasing n, the plot of vrmsn starts dropping below
n ∼ 3 − 4. In [1] we had predicted this using the con-
cept of superhorizon fluctuations, as spatial anisotropies
larger than a specific wavelength are not fully transferred
to the momentum anisotropies due to insufficient time for
flow development from pressure gradients over the rele-
vant length scales. The first peak therefore contains the
information about the longest wavelength of fluctuations
at the freezeout surface. We next consider initial fluctu-
ations of specific wavelengths and study the shift of the
first peak as the size of initial fluctuations is varied. We
find that for larger (smaller) initial fluctuations the peak
shifts to smaller (larger) n roughly by the same scale fac-
tor. Further, for a fixed initial size of spatial fluctuations,
we find that the first peak in the power spectrum of mo-
mentum anisotropies keeps shifting to lower values of n
as time increases. Nature of this shift is entirely consis-
tent with the increasing size of the sound horizon with
time. The nature and location of the first peak in the
power spectrum of flow anisotropies thus contains rich
information about the initial fluctuation spectrum, their
evolution, and the freezeout time scale. We also study
time evolution of vns at different n and show that os-
cillations set in for larger values of n early on just as
happens for acoustic oscillations in CMBR power spec-
trum. For CMBR power spectrum even the ratios of dif-
ferent peaks contains important information, e.g. baryon
to dark matter ratio. Here, for the single fluid dynamics
we have studied, we find that the ratio of first peak to
2nd peak directly relates to the scale of initial fluctua-
tions. For multifluid case, with particle species specific
power spectra, different peak ratios may yield important
information for different fluid components of the plasma.
2Our results confirm the expectation that there is a deep
correspondence between the evolution of fluctuations in
RHICE and that in the early universe. With phenomenal
success of CMBR power spectrum analysis in providing
detailed information about the very early history of the
universe, this should provide ample motivation for de-
tailed investigations of the power spectrum of flow fluc-
tuations in RHICE for probing the very early stages of
plasma evolution.
We have developed two independent codes for hydro-
dynamic simulations. One is a 2+1 dimensional code
in the framework of Bjorken’s longitudinal scaling ex-
pansion model and uses leapfrog algorithm of 4th or-
der accuracy with a trapezoidal correction[4]. The ini-
tial conditions for this simulation are generated using a
Wood-Saxon background plus fluctuations obtained us-
ing Glauber Monte Carlo [5] where a nucleus-nucleus
collision is viewed as a sequence of independent binary
nucleon-nucleon collisions. The total energy density cal-
culated using Glauber optical initial condition for the
same parameters is distributed equally among the binary
collisions as Gaussian fluctuations (plus the Wood-Saxon
part). A lattice equation of state is used for the evolution
of the plasma.
The second code is a full 3+1 dimensional code. This
uses leapfrog algorithm of 2nd order accuracy and uses
QGP ideal gas equation of state for 2 massless flavors.
The flow become unstable for large velocities. In re-
gions of negligible energy density we artificially put an
upper cutoff (of 0.95) on the fluid speed. When regions
with significant energy density start developing instabil-
ities, simulation is stopped. The initial conditions here
are provided in terms of a Wood-Saxon background plus
randomly placed Gaussian fluctuations of specific widths.
In order to compare with the results with first code, only
central rapidity region is used for calculation of flow fluc-
tuations using transverse coordinates and momenta. We
will present results from this second simulation as it pro-
vides a direct control of spectrum of initial fluctuations.
This way specific patterns observed in the final power
spectrum can be correlated with the properties of ini-
tial fluctuations. We have compared each of these results
with the 2+1 dimensional code (by utilizing partial con-
trol over density fluctuations in the Glauber model in
terms of energy density deposition in each binary colli-
sion) and results of both simulations show similar pat-
terns.
We use same methods for calculating spatial and flow
anisotropies as in our earlier work [1]. We will use Fn to
denote Fourier coefficients for the spatial anisotropies,
and use the conventional notation vn to denote nth
Fourier coefficient of the resulting momentum anisotropy
in δp/p. We do not calculate the average values of
the flow coefficients vn, instead we calculate root-mean
square values of the flow coefficients vrmsn . Further, these
calculations are performed in a lab fixed frame, without
any reference to the event planes of different events. Av-
erage values of vn are zero due to random orientations of
different events. As vrmsn will have necessarily non-zero
values, physically useful information will be contained in
the non-trivial shape of the power spectrum (i.e. the
plot of vrmsn vs. n). More precisely, our focus will be
on the structure of the peaks of the plot and evolution
of oscillations in this plot as a function of time. Mo-
mentum anisotropies are calculated by calculating trans-
verse momentum density at each point from the evolving
fluid energy momentum tensor. Spatial anisotropies are
estimated by calculating the anisotropies in the fluctua-
tions in the spatial extent R(φ) at any given stage, where
R(φ) represents the energy density weighted average of
the transverse radial coordinate in the angular bin at az-
imuthal coordinate φ. We divide the region in 50 - 100
bins of azimuthal angle φ, and calculate the Fourier coef-
ficients Fns of the anisotropies in δR/R ≡ (R(φ)− R¯)/R¯
where R¯ is the angular average of R(φ). Values of root
mean square values F rmsn of Fns gives us the power spec-
trum of spatial anisotropies. Note that in this way we are
representing all fluctuations essentially in terms of fluc-
tuations in the boundary of the initial region. Clearly
there are density fluctuations in the interior region as
well. However, in order to compare with momentum
anisotropies (which are observed only as a function of
azimuthal angle), the full x − y dependence of spatial
inhomogeneities has to be represented in terms of some
average angular fluctuation assuming that the represen-
tation by fluctuating boundary will capture the essential
physics. A more careful analysis should include the de-
tails of fluctuations in the interior regions and then make
comparison with momentum anisotropies. We study evo-
lution starting with initial time scale τ0 = 0.3 fm and a
temperature T0 = 500 MeV. Results are presented for
150 events. Evolution is carried out upto a maximum
time τ = 3.24 fm. Wood-Saxon background is used with
initial central density corresponding to QGP at T = T0
and radius of 2.5 fm, with skin thickness of 0.3 - 0.5 fm.
For the 3-D code, Gaussian fluctuations are used with
widths varying from 0.25 fm to 1.6 fm.
We first present results relating the location of the first
peak to the size of initial fluctuations. In CMBR power
spectrum, the location of first peak occurs at around 10
which corresponds to the the size of horizon at last scat-
tering surface. More importantly, this is also the size of
largest fluctuation which grows by gravitational collapse,
hence leaving mark of that scale on the peak location in
CMBR power spectrum. We thus expect location of first
peak in power spectrum of flow fluctuations to correlate
with the scale of dominant initial fluctuations. Fig.1a
shows the flow fluctuations power spectrum at τ = 1.98
fm for different sizes of initial fluctuations. We note the
net shift in the peak position to smaller values of n with
increasing size of initial fluctuations. This clearly shows
that the peak position directly probes length scale of rel-
evant fluctuations.
We next study the prediction made in [1] that large
scale spatial anisotropies will not be fully reflected in mo-
mentum anisotropies. More precisely, spatial fluctuations
3with wavelengths larger than sound horizon at freeze-
out should show suppressed flow fluctuations, this was
termed as superhorizon suppression in [1]. Fig.1b shows
the plots of initial power spectrum of spatial anisotropies
for initial fluctuations with sizes as in Fig.1a. Compari-
son of Fig.1a and Fig.1b shows important qualitative dif-
ference for low n. We note that for n larger than about
4, both plots show similar pattern. However for smaller
n, the two plots show dramatic difference. Plot of F rmsn
keeps rising monotonically with decreasing n. However,
plot of vrmsn shows a drop for low n values. As predicted
in ref.[1] this is exactly what one expects from the sup-
pression of those spatial modes which do not get enough
time to transfer to momentum anisotropies, that is due
to their superhorizon nature. It is important to note that
heavy-ion data has consistently shown this drop for low
n values (first plot was shown by Sorenson [3], who had
associated this drop with the prediction of superhorizon
suppression as discussed in [1]. See [6] for other results
on this).
FIG. 1: (a) Plots of vrms
n
for different sizes σ (in fm) of ini-
tial fluctuations at τ = 1.98 fm. Note the net shift in the
peak position to smaller values of n with increasing size of
initial fluctuations. (b) Plots of initial power spectrum F rms
n
of spatial anisotropies Fn. Plots of F
rms
n
in (b) keep rising
monotonically with decreasing n. However, plots of vrms
n
in
(a) show a drop for low n values.
As we mentioned, the location of first peak in CMBR
case directly relates to the size of sound horizon at sur-
face of last scattering. We show in Fig.2, plots of vrmsn
for different times for one specific simulation (here with
initial fluctuation size σ = 0.6 fm). Note that there is
a consistent shift in the location of first peak towards
lower values of n as time increases. If the plasma under-
goes freezeout at some specific time τfr, then the final
power spectrum of hadrons will be the one correspond-
ing to the power spectrum shown in Fig.2 at τ = τfr.
Earlier freezeout (with small values of τfr) will lead to
first peak at larger values of n while the peak will shift
to lower n if τfr is larger. Thus the location of first peak
in the power spectrum of flow fluctuations directly gives
information about the freezeout time scale in RHICE.
FIG. 2: Plots of vrms
n
at different times τ (in fm) for one
specific simulation (here with initial fluctuation size σ = 0.6
fm). Note consistent shift of the location of first peak towards
lower values of n as time increases.
We now study the detailed evolution of plots of vrmsn
in time and focus on the development of acoustic oscilla-
tions. It is well known that for elliptic flow the momen-
tum anisotropy starts decreasing after some time (due
to decrease in spatial anisotropy in time), but it never
reverses sign. This is because the expected oscillation
time scale for elliptic flow is too large and radial flow
starts dominating before that. It was pointed out in
[1] that one should expect oscillations to develop fully
for shorter wavelength modes, just as for CMBR where
modes of short wavelengths undergo several oscillations
by the time the largest mode starts entering horizon. Fig.
3 shows the time evolution of vrmsn for specific values of
n = 7, 9, 10, and 11. We note that oscillations develop
early for larger values of n (= 10,11) compared to the case
for n = 7, 9). Again, this demonstrates the detailed cor-
respondence in the development of acoustic peak struc-
ture for flow fluctuations just as in the CMBR case.
For CMBR case, peaks at larger values of l corre-
spond to regions which have undergone several oscilla-
tions. Similar physics is seen here in Fig.4a which shows
varying heights of 1st and 2nd peaks (at the final stage
τ = 3.24 fm) depending on initial fluctuation size. For
CMBR, ratio of second peak to the first peak is directly
related to the baryon matter to dark matter ratio. For
single fluid component case studied here, we find this ra-
tio to directly relate to the size of the initial fluctuations
(with smaller fluctuations having smaller 1st peak to 2nd
peak height ratio). Fig.4b shows the plot of this ratio
as a function of σ, the size of initial fluctuations. (More
study is needed to see specific dependence of this ratio on
4FIG. 3: Time evolution of vrms
n
for specific values of n. Note
that oscillations develop early for larger values of n (= 10,11)
compared to the case for n = 7, 9).
σ.) When one includes aspects of multifluid component
nature of QGP, with different particle species interact-
ing with each other, it is entirely possible that a species
specific plot of vrmsn may encode rich information about
different fluid components in terms of ratios of different
peak heights.
FIG. 4: (a) Different plots show varying heights of 1st and
2nd peaks (at the final stage τ = 3.24 fm) depending on
initial fluctuation size σ (in fm). (b) Plot of the ratio of the
heights of the 1st peak to the 2nd peak in (a) as a function
of σ
We conclude by emphasizing that our hydrodynamic
simulation results have confirmed all the qualitative fea-
tures predicted in [1] for the presence of acoustic peaks in
the power spectrum of flow fluctuations just as for CMBR
peaks. One important feature remaining is the coherence
of fluctuations. Coherence in CMBR case results in pro-
nounced peak structure. However, we have not been able
to analyze the nature of dissipation, and contributions of
statistical fluctuations in our simulations to a level to
comment on whether any possible coherence will be visi-
ble in the multiple peak structure of the power spectrum
at RHICE. Nonetheless, as mentioned above, the detailed
nature of the first peak itself has very rich information
about initial fluctuations. A details analysis of the sec-
ond peak (and other peaks as well) can give immense
amount of information about the plasma evolution, in-
cluding additional constraints on viscosity and equation
of state etc. Power spectrum of different particle species
(baryons vs. mesons, non-strange vs. strange particles
etc.) will give information about interactions between
different particle species and their respective contribu-
tions to plasma evolution, just as different peak ratios
for CMBR give information about baryon to dark mat-
ter ratio etc. Another line of deep correspondence with
CMBR physics was initiated by us in [7] where effects
of early stage magnetic fields on power spectrum of flow
fluctuations was studies. Magnetohydrodynamics simu-
lations are needed for detailed studies of it. We hope to
present such results in future.
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